We present a covariant formulation of the Gauss-Weingarten equations and the Gauss-Mainardi-Codazzi equations for surfaces in 3-dimensional curved spaces. We derive a coordinate invariant condition on the first and second fundamental form which is necessary and sufficient for the surface to be isothermic.
Introduction
Studies of isothermic surfaces were originated in 1837 by Lame [1] who considered surfaces of constant temperature in a solid body. Bertrand [2] is an author of the present definition of isothermic surfaces as surfaces admitting coordinates in which the first fundamental form is conformally flat and the second one is diagonal. Their basic properties were found by Bour [3] , Darboux [4] , Calapso [5] and Bianchi [6] (see [7] for a review). A transformation given by Darboux and developed by Bianchi allowed to obtain a family of new isothermic surfaces from a given one. This property was crucial for an interpretation of isothermic surfaces as soliton surfaces by Cieśliński, Goldstein and Sym [5] . They recognized the Gauss-Mainardi-Codazzi equations for the isothermic surfaces as a completely integrable system. These results initiated a new interest in isothermic surfaces (see e.g. [9] ).
Most studies on isothermic surfaces refer to surfaces in a flat or conformally flat 3-dimensional space. Moreover, their definition is coordinate dependent. The main aim of this paper is to replace this definition by a coordinate invariant condition which is also valid in a general curved 3-dimensional space. We begin with a covariant formulation of the generalized Gauss-Weingarten (GW) equations and their integrability conditions known as the Gauss-Mainardi-Codazzi (GMC) equations. Unfortunately, the latter equations are not a good tool to study isothermic surfaces in spaces which are not conformally flat. In section 3 we analyze coordinate transformations on surfaces and we find a covariant condition which assures the existence of special coordinates assumed in the definition of isothermic surfaces.
The Gauss-Weingarten equations
Let S with coordinates x a , where a ∈ {1, 2}, be a 2-dimensional surface in a 3-dimensional manifold M with metricg and coordinates v i , i ∈ {1, 2, 3}. The first and the second fundamental form on S are given by the induced metric g ab and the exterior curvature tensor K ab . Derivatives of v i over x a on S define the matrix
which represents the operator of a pullback of forms on M to forms on S. The induced metric on S is given by
Vectors v a = v i a ∂ i are tangent to S. Together with the unit normal vector n = n i ∂ i they compose a basis such that
The field v 
where 
Unknown coefficients f ab and f c ab are symmetric in indices a, b. The contraction of (7) with n i yields f ab = −K ab , where K ab are components of the exterior curvature (the second fundamental form) of S given by
A contraction of (7) with v ic shows that f abc = −f bac . This together with f abc = f acb yields f abc = 0. Hence,
Equation (9) is a part of the Gauss-Weingarten equations [9] . In order to find the remaining part we calculate the covariant derivative of n i written in the form
Hereη ijk and η ab are the Levi-Civita completely antisymmetric tensors corresponding tog and g, respectively. Taking into account (9) and Dη ijk = Dη ab = 0 one obtains
Equations (9) and (11) generalize the GW equations. Assume that a 3-dimensional metricg ij on M and tensors g ab and K ab on a 2-dimensional manifold S are given. If equations (1), (9) and (11), together with constraints (2) and (3), can be solved with respect to v i , v i a and n i then S can be immersed in M in such a way that g ab and K ab are, respectively, the first and the second fundamental form of S. Let us consider this overdetermined system of equations. Covariant derivatives of constraints (2) and (3) vanish thanks to the other equations. Thus, it is sufficient to assume them in a single point. Integrability of (1) is assured by the symmetry of v i ab in the lower indices. Integrability conditions of (9) and (11) yield the generalized GMC equations. They can be written in the following form
HereG ij is the Einstein tensor ofg, R is the Ricci scalar of g, H = K a a and |b denotes the covariant derivative coresponding to metric g. These equations can be obtained directly from (9) and (11), but they can be easier deduced from the Arnowitt-Deser-Misner decomposition [10] of the Einstein tensor ofg.
For generalg equations (12) and (13) are extra constraints for n i and v i a and they cannot be easily solved. They reduce to equations for g and K ifg satisfies the Einstein equations with a cosmological constantG ij = Λg ij [11] . However, then the Cotton-York tensor ofg vanishes andg must be conformally flat. In this case one can transform (12) and (13) to the standard GMC equations in a flat space.
Isothermic surfaces
The conformal transformationg
Fundamental properties of isothermic surfaces (conformally flat g and diagonal K in some coordinates x ′a ) are preserved by these transformations. Ifg is conformally flat then in order to find isothermic surfaces one can first look for solutions of the flat GMC equations written in these special coordinates. In particular, one can reduce the problem to the Calapso equation [12] . This approach fails ifg is not conformally flat. For this reason, in this section we will characterize isothermic surfaces independly of the GW and GMC equations. Our aim is to find a coordinate invariant condition which is neccessary and sufficient for the existence of isothermic coordinates. An interpretation of K is not relevant for this condition.
Theorem 3.1. Let g be a metric and K be a symmetric tensor on a 2-dimensional manifold. There exist coordinates such that g is conformally flat and
where u a is an unit eigenvector of K a b ,
and α is a normalization factor such that k ab k ab = 1.
Proof. Let x ′a be the isothermic coordinates in which g 
where
It must be real since any 2-dimensional metric g ab admits conformally flat coordinates and in these coordinates matrix K a b is symmetric. Hence, K ab can be written in the form
where u a u a = 1. If α = 0 then conformally flat coordinates of g ab are also isothermic since g ab and K ab are proportional. In this case any vector is an eigenvector of K 
where γ is a function. Substituting (23) 
Thus, equations (19)- (21) are equivalent to (23) and
From (23) and (24) we obtain the following expressions for the matrix L
where λ is a nonvanishing function. Conditions (25) and (26), considered as equations for coordinates x ′a , are integrable provided
It is easy to check that equation (27) defines λ iff (16) is satisfied. In order to express equation (16) directly in terms of K ab let us write it in the form
Due to the identity
equation (28) can be transformed to
One can change order of derivatives on the rhs of (30) in virtue of the identities
satisfied by the Riemann tensor of a 2-dimensional metric (note that R abcd ∼ η ab η cd and R ab ∼ g ab ). Hence,
and we obtain equation (17) with
It follows from (33) that k ab k ab = 1 and k ab is proportional to the traceless part of K ab . Hence, one obtains relation (18) with α given by
There exist other formulations of equation (16) 
where ω = u a dx a and the star denotes the Hodge dual corresponding to metric g ab . Equation 
Substituting (18) and (36) into equation (17) yields
Hg ab is the traceless part of K ab . If we insert δ 
It is known that surfaces in flat space with a constant mean curvature are isothermic. This property can be easily obtained from (38) since substituting (13) to (38) yields the equation
which is satisfied ifG ij = 0 and H = const. Equation (38), as well as (16) and (17), is preserved by transformations of coordinates and conformal transformation (14). This is an advantage with respect to the standard description of isothermic surfaces. However, equation (38) is rather complicated. Locally, every surface S ⊂ M corresponds to a function f of 2 variables, e.g. S is defined by z = f (x a ), where x a and z are coordinates of M. The induced metric and the normal vector of S depend on f and its first derivatives. Hence, the exterior curvature tensor depends on second derivatives of f and equation (38) is a fourth order nonlinear equation for f .
